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and the sail assembly. Practical aspects of mathematical mod-
eling and simulation have ben emphasized. This Note presents
a picture of elastoplastic behavior of the lanyard under differ-
ent test conditions. A mathematical approach has been devel-
oped for studying cumulative deformation and assessing the
margin of safety in terms of number of cycles before failure.

Appendix: Ground Simulation Model
The system under consideration is a CLB with no preload

on the tip plate, without pop-out spring and sail assembly.
This is released under gravity for a jump distance of 0.023 m
with the lanyard becoming taut, when the system reaches this
jump distance. Then the system is retracted and adjusted such
that the slack lanyard will be taut for a jump distance of
0.043 m, when the system is released. The system is retracted
and the preceding procedure is repeated for the jump distances
of 0.063 m, in steps of 0.01 m, until the lanyard fails. In the
test, the lanyard failed for the 0.113-m jump distance with all
cumulative damages due to earlier tests.

The mathematical model developed for this configuration is
a single DOF system with bilinear boom stiffness characteris-
tics. The deformation of the lanyard is calculated based on the
force-deflection characteristics. The cumulative permanent de-
formation of the lanyard calculated by this model exceeded the
allowable deformation for the jump distance of 0.103 m in-
dicating lanyard failure. This is in agreement with test results
which showed the failure for a jump distance of 0.113 m.
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Introduction

P ARAMETER optimal control optimizes parameters sub-
ject to differential constraints. It is between regular opti-

mal control and parameter optimization. It has many applica-
tions. In particular, trajectory optimization problems can be
converted into parameter optimal control with various control
parameterizations.

Some work has been done on parameter optimal control.
Vincent and Grantham1 studied necessary conditions using a
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parameter optimization method. Stengel2 discussed possible
applications of the problem. Rogers3 developed a first-order
numerical method.

This Note uses two approaches and derives the first- and
second-order conditions for unconstrained parameter optimal
control. The obtained gradient expressions can be used effec-
tively in numerical solutions.

Problem Statement
A parameter optimal control problem seeks to minimize

subject to

I = 4>(xf, V) + L(t,x,ir)dt

x=f(t,x,*)

0)

(2)
where x(t) is an nxl state vector, TT is a p x 1 parameter
vector, and both 0 and L are scalars. We assume that t0 and tf
are fixed, and x(tQ) = x0 is specified. TT is constant over [tQ, tf].

Parameter optimal control problems appear naturally in en-
gineering. Engine parameter optimizations, for example, are
subject to motion dynamics. A trajectory optimization prob-
lem can be solved efficiently with parameter optimal control.
Parameter optimal control can also be used to determine feed-
back gains in a nonlinear system. In these applications, the
gradient expressions derived in this Note require many fewer
numerical integrations than a direct digital differentiation.

Solution Methods: Overview
There are two basic approaches to solve a parameter optimal

control problem. Parameter optimal control can be viewed as
a special optimal control problem that only uses parameters.
Also, it can be seen as a special parameter optimization prob-
lem with differential constraints. These two interpretations
provide two basic solution methods.

In the optimal control approach, the differential constraints
are adjoined to the performance index through the use of
Lagrange multiplier functions. As a result, one obtains simple
expressions for both the first- and second-order gradients. The
parameter optimization approach produces consistent results
but does not lead to clean expressions for the second-order
gradient.

One can combine the two approaches in constructing nu-
merical methods. Nonlinear programming algorithms can be
used directly with the simple expressions of the first- and sec-
ond-order gradients from the optimal control approach.

Necessary Conditions
In the optimal control approach, we adjoin Eq. (2) into

the performance index /in Eq. (1). The augmented cost func-
tional is

(3)J = </>(*/, TT) + [H(t, x, V, X) - \Tx] dt

where \(t) is an n x 1 Lagrange multiplier function, and H is
the Hamiltonian defined as

H(t, x, TT, X) £ L(t, x, TT) + \Tf(t, jc, TT)

The first variation of J is

(4)

dJ =

[Hxdx r-\Tdx + d\T(f-x)]dt

\T)dxdt

Noting 6*0 = 0 and choosing

(5)

(6)
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we have r
= <

L
Since 5ir is arbitrary, it is necessary that at optimum

(7)

(8)

In the parameter optimization approach, we write the prob-
lem symbolically as

/(TT) = «(x/0r), TT) + t, TT), TT) dt (9)

where A:(?, TT) is determined from Eq. (2).
Small changes in parameters and those in states are related by

dx=fxdx +/T6ir
and 6jt(/0) = 0. The linearity of Eq. (10) suggests

Oy.

where A (/, t0) $Rnxp satisfies
A=fxA +•/,

Applying the Leibnitz rule, we obtain

(10)

(1.1)

(12)

(13)

In this expression, Af = A(tf, t0) and ^4 =A(t, t0). At opti-
mum, 7^ = 0.

The two necessary conditions are consistent. In fact

, + \Tf,)dt=J,

Sufficient Conditions
One can also derive consistent sufficient conditions using

the previous two approaches. The second-order gradient ex-
pression from the parameter optimization approach needs the
variations of A(t) matrix and is messy. Using the optimal
control approach, we have 62J = dirTPdir, where

P = tyx/r + AT
f<t>XfXfAf

dt (14)

Therefore, the sufficient conditions for a local minimum
include P >0. In particular, it is not sufficient for a parameter
optimal control problem to have

(15)

In comparison, the sufficient conditions for a regular
unconstrained optimal control problem include the strength-
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Fig. 2 Time histories of angle of attack.

ened Legendre-Clebsch condition and the no conjugate point
condition.4

Numerical Methods
Two numerical updating schemes follow naturally from the

expressions of dJ and d2J. A steepest descent scheme from
Eq. (7) is

ATT= - r [t
= -#UT+

I J /
(16)

where A^>0 is a stepsize. If the second-order gradient matrix
P is positive-definite, a second-order update scheme can be
used

ATT= - (17)

To start these algorithms, one needs to guess an initial pa-
rameter TTO. At each iteration, one needs to integrate Eq. (2)
forward to obtain x(t\ integrate Eq. (6) backward to obtain
\(t), and compute J^ from Eq. (8). If the second-order method
is used, one also needs to calculate A (t, tQ) from Eq. (12) and
P from Eq. (14). In both algorithms, the stopping criterion can
be || JK|| = *JJVJT< e, where e > 0 is a preselected small number.

Evaluations of the first- and second-order gradients using
the previous expressions require many fewer integrations
than those performed by digital differentiation. In terms of
the number of equivalent numerical integrations of a scalar
differential equation, the previous expressions need (2+p)n
+ lAp(p + 3) at each iteration, whereas a forward difference
scheme needs Vi(n + !)(/? + l)(p +2). At each iteration, the
previous expressions offer a saving of

V2n(p-!)(/?+ 2)+ 1 (18)

With n = 2 andp =7, for example, this number is 55! In addi-
tion, this saving increases drastically as the number of parame-
ters and/or states increases. A central difference scheme needs
even more integrations than a forward difference scheme.

The sequential gradient restoration algorithm5'6 by Miele et
al. may also be used to solve parameter optimal control prob-
lems. This algorithm has two phases and is different from the
proposed method in this paper. In particular, one needs ini-
tially to guess both the unknown parameters and a nominal
state history.
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Example
Vincent and Grantham1 and Stengel2 both provide some

analytical examples of parameter optimal control. The follow-
ing numerical example demonstrates the use of parameter op-
timal control in trajectory optimization.

A trajectory optimization problem can be converted into a
parameter optimal control format with different control
parameterizations. There are three ways of parameterizing
control functions/The most common one is to approximate a
control function by piece wise constant (Goh and Teo7) or
general spline functions. Control functions can also be ap-
proximated by polynomials or other functions of time. The
validity of this parameterization is guaranteed by the Weier-
strass theorem.8 In addition, one can assume special parame-
terization forms for controls.

The equations of an ascending rocket are given2 as

v = — cos a - g sin y
m

= — sin a - g cos 7
m

(19)

(20)

where v is the flying speed in ft/s, 7 is the flight path angle
defined with respect to the horizontal plane, and a. is the angle
between the thrust vector and the velocity vector. The control
angle a(t) is approximated by a polynomial function of time

Oi(t) = OiQ
A: = 0

Otktk (21)

The problem then is to determine parameters a to minimize

7T^
(22)

o

The initial conditions are v(0)=100 ft/s and y(Q) = v/2.
Other parameters are //=10s, T= 10,000 Ibs, m=20 slugs,
and g = 32 ft/s2.
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of ctk= 0, k = 0, 1,..., Np. Figure 1 shows the reductions in the
optimal cost as the number of parameters increases. Figure 2
compares a(t) histories for cases of up to seven parameters. A
further increase in the number of parameters does not decrease
the cost very much.

Conclusions
This Note employs two basic approaches and presents the

necessary and sufficient conditions for an unconstrained pa-
rameter optimal control problem. Two numerical solution
methods are also given. An example problem is used to demon-
strate the use of parameter optimal control and polynomial
parameterization in trajectory optimization. Use of the gradi-
ent expressions in numerical solutions avoids the large number
of integrations needed in digital differentiations.
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