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and the sail assembly. Practical aspects of mathematical mod-
eling and simulation have ben emphasized. This Note presents
a picture of elastoplastic behavior of the lanyard under differ-
ent test conditions. A mathematical approach has been devel-
oped for studying cumulative deformation and assessing the
margin of safety in terms of number of cycles before failure.

Appendix: Ground Simulation Model

The system under consideration is a CLB with no preload
on the tip plate, without pop-out spring and sail assembly.
This is released under gravity for a jump distance of 0.023 m
with the lanyard becoming taut, when the system reaches this
jump distance. Then the system is retracted and adjusted such
that the slack lanyard will be taut for a jump distance of
0.043 m, when the system is released. The system is retracted
and the preceding procedure is repeated for the jump distances
of 0.063 m, in steps of 0.01 m, until the lanyard fails. In the
test, the lanyard failed for the 0.113-m jump distance with all
cumulative damages due to earlier tests.

The mathematical model developed for this configuration is
a single DOF system with bilinear boom stiffness characteris-
tics. The deformation of the lanyard is calculated based on the
force-deflection characteristics. The cumulative permanent de-
formation of the lanyard calculated by this model exceeded the
allowable deformation for the jump distance of 0.103 m in-
dicating lanyard failure. This is in agreement with test results
which showed the failure for a jump distance of 0.113 m.
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Introduction

ARAMETER optimal control optimizes parameters sub-

ject to differential constraints. It is between regular opti-

mal control and parameter optimization. It has many applica-

tions. In particular, trajectory optimization problems can be

converted into parameter optimal control with various control
parameterizations.

Some work has been done on parameter optimal control.

Vincent and Grantham' studied necessary conditions using a
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parameter optimization method. Stengel? discussed possible
applications of the problem. Rogers? developed a first-order
numerical method.

This Note uses two approaches and derives the first- and
second-order conditions for unconstrained parameter optimal
control. The obtained gradient expressions can be used effec-
tively in numerical solutions.

Problem Statement
A parameter optimal control problem seeks to minimize

&
I =¢(xp, m) + S L(t, x, m)ydt 4]
fo
subject to

X=ft,x,m )

where x(¢) is an n X1 state vector, w is a p X1 parameter
vector, and both ¢ and L are scalars. We assume that 7, and ¢,
are fixed, and x(#,) = X, is specified. 7 is constant over {f,, #/].
Parameter optimal control problems appear naturally in en-
gineering. Engine parameter optimizations, for example, are
subject to motion dynamics. A trajectory optimization prob-
lem can be solved efficiently with parameter optimal control.
Parameter optimal control can also be used to determine feed-
back gains in a nonlinear system. In these applications, the
gradient expressions derived in this Note require many fewer
numerical integrations than a direct digital differentiation.

Solution Methods: Overview

There are two basic approaches to solve a parameter optimal
control problem. Parameter optimal control can be viewed as
a special optimal control problem that only uses parameters.
Also, it can be seen as a special parameter optimization prob-
lem with differential constraints. These two interpretations
provide two basic solution methods.

In the optimal control approach, the differential constraints
are adjoined to the performance index through the use of
Lagrange multiplier functions. As a result, one obtains simple
expressions for both the first- and second-order gradients. The
parameter optimization approach produces consistent results
but does not lead to clean expressions for the second-order
gradient.

One can combine the two approaches in constructing nu-
merical methods. Nonlinear programming algorithms can be
used directly with the simple expressions of the first- and sec-
ond-order gradients from the optimal control approach.

Necessary Conditions

In the optimal control approach, we adjoin Eq. (2) into
the performance index I in Eq. (1). The augmented cost func-
tional is

i
J = ¢(xs, m) + j [H(t, x, m, )= Nx| dt ©)
to

where N\(¢) is an n x 1 Lagrange multiplier function, and H is
the Hamiltonian defined as
H(t,x, 7, VA L(t,x, ) + N'f(t, x, m) )

The first variation of J is

8J = ¢Xf5Xf + ¢,067

i
+S [Hx ox + H, om— Nox+ 6)\T(f—5c)] dr

fo

= (¢xf—)\§)6xf + Nodxo

tr ty
+ [¢,+ S H, dt] o + S (H, +\)éx dt ®)

‘o o

Noting éx,=0 and choosing

A=-HI  Ntp=9¢] ©
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we have
i
6J = [¢,+E H, dt] o 0
fo
Since 6= is arbitrary, it is necessary that at optimum
tr
J,é¢,+j H,dt=0 @®)
to

In the parameter optimization approach, we write the prob-
lem symbolically as
i
I(m) = ¢(xs(7), ) + j L(t, x(¢, m), m) dt ®)
to
where x(¢, 7) is determined from Eq. (2).
Small changes in parameters and those in states are related by

8x = f,6x + fpom 10)
and 6x(¢p) =0. The linearity of Eq. (10) suggests

8x(1) = A1, to)om= X = A1, 1o) a1
ar

where A (¢, o) € R"*P satisfies

A=f,A+fr A(lg, 1)=0 (12)
Applying the Leibnitz rule, we obtain
i

I = ¢ + ¢ Ar + S (Ly+L,A)dt (13)

t
In this expression, A;=A(¢;, t5) and A =A(z, t;). At opti-
mum, I, =0.
The two necessary conditions are consistent. In fact
. i
I =¢,+ § (La+Nf)dt = J,

fo

Sufficient Conditions

One can also derive consistent sufficient conditions using
the previous two approaches. The second-order gradient ex-
pression from the parameter optimization approach needs the
variations of A4 (#) matrix and is messy. Using the optimal
control approach, we have 62J =énTPén, where

P=¢,+ ¢1rx_fAf + A§¢xfw + A}.¢xffof

i
+ j [Hex+ HexA + ATH, + ATH,, A| dt (14)

fo

Therefore, the sufficient conditions for a local minimum
include P >0. In particular, it is not sufficient for a parameter
optimal control problem to have

i

brr + j H,.dt>0 (15)
o

In comparison, the sufficient conditions for a regular

unconstrained optimal control problem include the strength-
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Numerical Methods

Two numerical updating schemes follow naturally from the
expressions of 8J and 82J. A steepest descent scheme from
Eq. (7) is

i T
Ar = —KJ,,T= —K[d),,+§ H, dt] (16)

ty

where K >0 is a stepsize. If the second-order gradient matrix
P is positive-definite, a second-order update scheme can be
used

Ar= —-P~1J, 17)

To start these algorithms, one needs to guess an initial pa-
rameter 7. At each iteration, one needs to integrate Eq. (2)
forward to obtain x(#), integrate Eq. (6) backward to obtain
M), and compute J, from Eq. (8). If the second-order method
is used, one also needs to calculate A4 (¢, ;) from Eq. (12) and
P from Eq. (14). In both algorithms, the stopping criterion can
be || J;|| =+ JT <€, where e >0 is a preselected small number.

Evaluations of the first- and second-order gradients using
the previous expressions require many fewer integrations
than those performed by digital differentiation. In terms of
the number of equivalent numerical integrations of a scalar
differential equation, the previous expressions need (2+p)n
+ Yap(p +3) at each iteration, whereas a forward difference
scheme needs Y2(n + 1)(p + 1)(p +2). At each iteration, the
previous expressions offer a saving of

Van(p-D(p+2)+1 (18)

With n =2 and p =7, for example, this number is 55! In addi-
tion, this saving increases drastically as the number of parame-
ters and/or states increases. A central difference scheme needs
even more integrations than a forward difference scheme.

The sequential gradient restoration algorithm? by Miele et
al. may also be used to solve parameter optimal control prob-
lems. This algorithm has two phases and is different from the
proposed method in this paper. In particular, one needs ini-
tially to guess both the unknown parameters and a nominal
state history,
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Example

Vincent and Grantham' and Stengel® both provide some
analytical examples of parameter optimal control. The follow-
ing numerical example demonstrates the use of parameter op-
timal control in trajectory optlmlzatlon

A trajectory optimization problem can be converted into a
parameter optimal control format with different control
parameterizations. There are three ways of parameterizing
control functions. The most common one is to approximate a
control function by piecewise constant (Goh and Teo’) or
general spline functions. Control functions can also be ap-
proximated by polynomials or other functions of time. The
validity of this parameterization is guaranteed by the Weier-
strass theorem.? In addition, one can assume special parame-
terization forms for controls.

The equations of an ascending rocket are given? as

T
V= — cosa— g sin 19
o o — g siny 19)

T
vy = - sina — g cosy 20

where v is the flying speed in ft/s, v is the flight path angle
defined with respect to the horizontal plane, and « is the angle
between the thrust vector and the velocity vector. The control
angle «(¢) is approximated by a polynomial function of time

oz(t)=a0+oz1t+

Np -1
= 5 @1
k=0

The problem then is to determine parameters « to minimize

x\2 s
I= <’y - §> + go () dt (22)

The initial conditions are v(0)=100 ft/s and y(0)==/2.
Other parameters are ¢{y=10s, T =10,0001bs, m =20 slugs,
and g =32 ft/s2.

The second-order algorithm is used with the initial guesses
ofay=0,k=0,1,..., N,. Figure 1 shows the reductions in the
optimal cost as the number of parameters increases. Figure 2
compares o) histories for cases of up to seven parameters. A
further increase in the number of parameters does not decrease
the cost very much. )

Conclusions

This Note employs two basic approaches and presents the
necessary and sufficient conditions for an unconstrained pa-
rameter optimal control problem. Two numerical solution
methods are also given. An example problem is used to demon-
strate the use of parameter optimal control and polynomial
parameterization in trajectory optimization. Use of the gradi-
ent expressions in numerical solutions avoids the large number
of integrations needed in digital differentiations.

References

Vincent, T. L., and Grantham, W. J., Optimality in Parametric
Systems, Wiley, New York, 1981, Chap. 6.

2Stengel, R. F., Stochastic Optimal Control, Wiley, New York,
1986, Chap. 3.

3Rogers, R. M., ““Parameter Optimal Control Solution Technique
for Nonlinear Systems Using Influence Functions,”” Proceedings of
the AIAA Guidance, Navigation, and Control Conference (Hilton
Head, SC), AIAA, Washington, DC, 1992, pp. 1163-1168 (AIAA
Paper 92-4552); '

4Bryson, A. E., and Ho, Y.-C., Applied Optimal Control, Hemi-
sphere, New York, 1975, Chap. 6.

SMiele, A., Pritchard, R. E., and Damoulakis, J. N., ‘‘Sequential
Gradient Restoration Algorithm for Optimal Control Problems,’’
Journal of Optimization Theory and Applications, Vol. 5, No. 4,
1970, pp. 235-282.

6Miele, A., Iyer, R. R., and Well, K. H., ‘““Modified Quasilinear-
ization and Optimal Initial Choice of the Multipliers, Part 2: Optimal
Control Problems,”” Journal of Optimization Theory and Applica-
tions, Vol. 6, No. 5, 1970, pp. 381-409.

7Goh, C. J., and Teo, K. L., “Control Parametrization: a Unified
Approach to Optlmal Control. Problems with General Constraints,””
Automatica, Vol. 24, No. 1, 1988, pp. 3-18.

8Davis, P. J., Interpolation and Approximation, Dover, New York,
1975.

Book Announcements

KAUFMAN, H., BAR-KANA, ., and SOVEL, K., Direct
Adaptive Control Algorithms, Springer-Verlag, New York,
1994, 374 pages, $69.00.

Purpose: This text contains an in-depth review of adap‘tive
control techniques that have been developed by the authors
over the last decade. The monograph presents a rigorous
treatment of multi-input, multi-output control theory as well
as a thorough discussion of algorithmic implementation fea-
tures and applications.

Contents: Output model following; stability and positivity;
nonlinear adaptive. controllers; positive real analysis; parallel
feedforward control; model reference adaptive control; robust
redesign of adaptlve algorithms; robustness considerations
with feedforward in the reference model; design of MRAC
systems; case studies.

ESTRADA, R., and KANWAL, R. P., Asymptotic Analysis:
A Distributional Approach, Birkhauser, Cambridge, MA,
1994, 258 pages, $64.95.

Purpose: This reference provides a theoretical framework
for asymptotic expansions encountered in the solution of a
large class of problems in engineering and physics.

Contents: Asymptotic series; algebraic and analytic opera-
tions; space of distributions; regularizations, distributional
derivatives; tempered distributions; expansion of oscillatory
kernels; multidimensional generalized function; series of
Dirac delta functions.

GRAY, W,, LEIINSE, A., KOLAR, R. L., and BLAIN, C. A,
Mathematical Tool for Changing Spatial Scales in the Analy-
sis of Physical Systems, CRC Press, Boca Raton, FL, 1993,
323 pages, $39.95.

Purpose: This book contains comprehensive introduction to
fundamental mathematics for changing spatial scale in physi-
cal models. As such, it is a welcome addition to the growing
literature applicable to homogenization as encountered in
damage mechanics and mechanics of composite materials.

Contents; Scale and derivation of balance laws; generalized
functions of curves; surfaces and volumes; integration scales;
integration region selection with generalized functions; deriva-
tion of averaging theorems.

DE BOOR, C., HOLLIG, K., and REIMANSCHNEIDER,
S., Box Splines, Springer-Verlag, New York, 1994, 200 pages,
$34.00.

Purpose: This book describes the mathematical theory of
multivariable splines that encompasses many results that have,
until now, only been available in journal articles.

Contents: Definitions of box splines: analytic, geometric,
inductive; recurrence relations; zotriotopes; linear algebra of
box splines; quasi-interpolation and approximation powers;
cardinal interpolation; difference equations; cardinal splines;
wavelets; discrete box splines; subdivision algorithms.



